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Anatation: The paper considers a problem with the Frankl condition on different parts of
the cut edges along a segment of the degeneracy line for a mixed-type equation with a singular

coefficient. The problem is investigated TF in the case 12/ 0 <<- bm of , uniqueness of the
solution of the problem TF and the existence of a solution TF to the singular Tricomi integral
equation is proved.
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1. Introduction.

The first fundamental research for a mixed-type equation was performed by the Italian
mathematician Fr.Tricomi. After this work, the theory of problems for degenerate hyperbolic,
elliptic, and mixed-type equations was developed in the fundamental research of foreign scientists E.
Holmgren, S. Gellerstedt, and from domestic students, a significant contribution to the development
of the theory of mixed-type equations was made in the works of M. S. Salakhitdinov, T. D.
Dzhuraev, R. R. Ashurov, and B. Islomov.For further development of the theory of boundary value
problems for mixed equations, an important place was occupied by the work (mixed problem) by A.
M. Nakhushev, where in the hyperbolic part the nonlocal condition pointwise connects the values of
the desired solution on both characteristics [1].

2. Problem statement TF

Consider the equation

0( ) ( / ) 0,m
xx yy ysign y y u u y ub+ + = (1)

where 1)2/( 0 <- bm is in a finite simply connected domain D of the complex plane iyxz +=

bounded by a normal curve 1)2(4: 222
0 =++ +- mymxs with ends at points )0,1(-= AA , )0,1(BB =

and the characteristics AC and BC equations (1).
In the Tricomi AC problem, the value of the desired function is set at all points of the

characteristic: )(),( xyxu
AC

y= . In this chapter, we study the correctness of the problem where a
part of the characteristic AC is freed from the boundary condition and this missing Tricomi
condition is equivalently replaced by the non-local Frankl condition [2, 3] on different parts of the
edges of the section along the degeneracy segment AB . Denote by +D and -D the parts of the

domain D that lie in the half –planes 0>y and 0<y , respectively , and by 0C and 1C , respectively,
the points of intersection of the characteristics AC and BC with the characteristic originating from

the point )0,(cE , where )1,1(-=Ic is the axis interval 0=y . Let
1( ) [ 1, ]p x C c- be a

diffeomorphism from the set of points of the segment ],1[ c- to the set of points of the segment ]1,[c ,
and ,1)1(,0)(' =-< pxp ccp =)( . As an example of such a function, we give a linear
function kxxp -=d)( , where ,)1/()1( cck +-= )1/(2 cc +=d .
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Problems for a mixed-type equation where a part of the characteristic AC is freed from the
Tricomi boundary condition and this missing Tricomi condition is equivalently replaced by other
conditions are investigated in [4,5,6,7].

A task TF . You need to find D a function in the scope ),( yxu that meets the following
conditions:

1. ( , )u x y - is continuous in each of the closed regions D+ and D- ;

2. )(),( 2 +DCyxu and satisfies equation (1) in this domain;

3. ),( yxu is a generalized solution of the class 1R [8,9,10] in the domain ;D-

4. on the segment AB -line of the parabolic degeneracy of equation (2), the general gluing
conditions [12] are satisfied

0( , 0) ( ) ( , 0) ( ),u x a x u x a x x I- = + = (2)
0 0

00 0
lim ( ) ( ) lim ( ), \{ }
y y

u uy b x y b x x I c
y y

b b

®- ®+

¶ ¶
- = +

¶ ¶
(3)

where 0 0( ), ( ), ( ), ( )a x b x a x b x are given continuously differentiable functions on I , and
0( ) 0, ( ) 0, , ( 1) 0,a x b x x I a" - = the limits (3) for 1±=x , cx = may have singularities of

order lower b21- than, where )2(2/)2( 0 ++= mm bb .
5. Performed by

11,)(),(
0

-= xxyxu js ; (4)
2/)1(1,)(),(

0
--= cxxyxu

AC
y ; (5)

( ( ), 0) ( ) ( , 0) ( ) , 1u p x x u x f x x cm- = + + - (6)

where ),,1(],1[)( ,1 cCcCxf -- a ,0)1( =-f 0)( =cf , ]2/)1(,1[)( 2 -- cCxy , 0)1( =-y

]1,1[)( ,0 -aj Cx , and
10,]1,1[)(~,)(~)1()( ,02 <<--= ajjj aCxxxx . (7)

Condition (6) is analogousto the Frankl condition [2,3]. Linking the values of the desired function at
the upper and lower edges of the sections along the segments [ 1, ]c- and, respectively [ ,1]c .

Let's introduce the notation
0

0
( , 0) ( ), ; lim ( ) ( ),

y

uu x x x I y x x I
y

bt n- -

®-

¶
- = - =

¶ (8)
0

0
( , 0) ( ), ; lim ( ), .

y

uu x x x I y x x I
y

bt n
®+

¶
+ = =

¶ (9)
By virtue of notations (8) and (9), the localFrankl displacement condition (6) takes the form

1 1( ( )) ( ) ( ) ( ), ( 1, )p x x x f x x ct m t= + - (10)
where

1 1 0( ) ( ) / ( ( )), ( ) ( ( ) ( ( )) / ( ( ))x x a p x f x f x a p x a p xm m= = -
and we write the general conjugation condition in the form

0( ) ( ) ( ) ( ),x a x x a x x It t- = + (11)
0( ) ( ) ( ) ( ), .x b x x b x x In n- = + (12)

3. Investigation of the problem TF in the case 12/ 0 <<- bm and uniqueness of the
solution of the problem TF .
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By virtue of the Darboux formula -D , the modified Cauchy problem with initial data (8),
which gives a solution in the domain, is not difficult to obtain the following equation

( ) ( ) ( ) ( )1 2
1, , 1,xx D x x x cbn g t- - -
-= +Y - . (13)

Which is the first functional relation between )(xt and )(xv introduced on the axis 0=y from the
region -D where

( ) ( ) ( )( )( ) ( )( )1
1,/ 2 1 1 / 2 , ( 1, ),xx Г Г x D x x cb bg b b y-
-Y = - + - - (14)

( ) ( )
( ) ( )

b

bb
bbg

2

4
2

21
122 +
-
-

=
m

ГГ
ГГ

.
By virtue of the gluing conditions (11) and (12), relation (14) is written as

1 2
1, 1( ) ( ) ( ) ( ) ( ), ( 1, )xb x v x D a x x x x cbg t-
-= +Y - (15)

1 2
1 1, 0 0( ) ( ) ( ) ( ).xx x D a x b xbg -

-Y =Y + - (16)
Equality (14) is the first functional relation between unknown functions ( )xt and ( )xn the one
introduced to the interval ( 1, )c- from the domain .D-

Theorem 1. Solution of the problem TF for 0 0( ) 0, ( ) 0, ( ) ( ) 0x f x a x b xy and
1( ) 0, ( ) 0, ( ) 0 0 ( ) 1a x a x b x xm> > < < (17)

it reaches its positive maximum and negative minimum in a closed region D+ at the points of the

curve 0s .
Consequence. Problems TF in solving inequalities (17) have at most one solution.

4. Reducing the existence of a solution TF to a singular Tricomi integral equation.

Theorem 2. Problem TF when the condition is met

1cos2
1

<
-

ap
a

lp k (18)
uniquely solvable, where )sin1(/cos bppbpl += .

Proof. In the domain +D , the solution of equation (1) satisfying the conditions

( ) ( ) ,0, ххи t= ;
-

Jх ( ) ,
0

хи js = ;
-

Jх
given by the formula

( ) ( ) ( ) ( )
( )

-
+

+--=
-

+

-

-

1

2
2

2
1

1

1
02 2

41, 0

b

b tb my
m

txtуkухи

( )
( )

( )( )( )-+-+
+

+-- -

-

+ 012
2

1
2

2

2
2 121

2
41 b

b

b yRmkdty
m
txt m

( )( ) ( )dtFrt sbbbj
b

----
-

-

1;22,2;122
1

1

1 , (19)
where

+-= 2
2

1

2

)( tx
r
r

( )22
4
+m

2

2
2

2
2 ++ mm

y hm ,
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( )
2

2
22

2
4 +

+
+= my
m

xR
, =s

,2
1

2

r
r

( ) ,, 0sht

=2k
( )

( ).22
1

2
4

4
1 222

b
b

p

b

-
-

+

-

Г
Г

m
We differentiate expression (19) by y :

( ) ( ) ( )
( )

-
+

+-
¶
¶

-=
¶
¶

-

+-

-

1

2
2

21
1

1
02 2

41 0

b

btb my
m

txy
y

tk
y
u

( )
( )

+
+

+--
-

+ dty
m
txt m

1
2

2

2
2

2
41

b

( )( ) ( ) ( ) ( ){ -
¶
¶

+-
--

-

22
1

12
1

1
2 121 bbojb ryR

y
tтk

( ) }dtF sbbb ---- 1;22,2,1 . (20)
It is not difficult to verify that

( )
( )

-
+

+-
¶
¶

-

+-

1

2
2

21

2
4

b

bo ту
т

tху
у

( )
( )

0

1

21 2
2

41
2

ту хt у
т

b

b

-

- +- + =
+

( ) ( )
( )

-
+

+--
¶
¶+

=
-

+-

1

2
2

2

2
4

2
2

0

b

b my
m

txtx
t

ym

( )
( )

1

2 2
2

1 41
2

mxt xt y
x m

b -

+-
- - +

+
. (21)

Now, in the first integral of the right-hand side of (20), taking into account identity (21), we
perform the integration operation in parts, and, thus, we multiply the transformed relation (20)

0y b
by and then, passing to the limit ,0®у , we have [9]

( ) ( ) ( )
( )

( )
( )

+
+
-

+
-

+
--= -- bb

ttb 212102 1
1

1
1

2
21

xx
mkxv

-
--

-1

1
22
)()(
b

t
tx

dtttx

( ) ( )
( )

)(
1

12
1

1
22 хФ

xt
dtt

+
-

--
-

- b

tb
(22)

where

( ) ( )( ) ( ) ( )( ) dtxtxtxmkxФ
11

1

22
02 121)2(11

-

-

+--+--=
b

jbb
,

here in force (7) ( ) ( )1 0 , 1 0t t- = = .
From functional relations (15) and (22) excluding ( )xv , we have

( ) ( ) ( ) ( )'1
1 2

1, 2 0 2 2
1

2( ) 1 ( )
2x

x t t dtmD a x x k b x
x t

b
b

t
g t b-

- -
-

-+
= - - -

-

( ) ( )
( )

)(
1

12 0

1

1
22 хФ

xt
dtt

+
-

-
-

- b

tb , (23)

where
0 ( ) ( ) ( ) ( )Ф х b x Ф х х= -Y .
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For convenience, in order to avoid cumbersome calculations [12], we further assume
that ( ) ( ) .a x b x a const= = = taking into account this assumption to equality (23), using the

operator
12

,1
-

-
b
xD , we obtain:

( ) ( )
2

21 02
+

--=
mkx bgt

( ) ( )
-

-
-

-

-
- b
b t

22

'1

1

12
,1

tx
dtttxD x

-

( )12 -b
12

,1
-

-
b
xD

( )
( )

)(
1 022

1

1

xF
xt
dtt

+
- -

-
b

t

, (24)
where

( ) ( )2 1
0 1, 0 / .xF x D Ф x ab -

-= (25)
Converting the expression

12
,1
-

-
b
xD

( ) ( )
( ) ( )

( ) ( )
-

-
--

- -

-
--

=
-

- 1

1
22

'

1
2

1

1
22 21

1
bbb

t
b

t
ts

dttts
sx
ds

Гtx
dtttx x

. (26)
Calculate the internal integral

( ) ( ) ( )
( )

( )
( )-

-
-

=
-

-
=

+
-

-

-
-®

-
-

1

21
1

210

1

1
221 lim

e
b

e

beb

ttt

s

s

st
dtt

ts
dtt

ts
dtttsI

.
Here we perform the integration operation in parts :

( ) ( ) ( )
( )

-
-

-++---=
-

-
-

--

®

e

b
bb tbteet

s

e ts
dttssI

1
22

1212

01 12)1)(1(lim

( )( ) ( ) ( ) ( )
( )-

-+++-- -
+

--
b

e

bb tbeett 22

1
1212 1211

st
dttss

s .
Taking into account the equalities

( ) ( )
( )

( )
( )

( ) 12

1
21

1
2212 -

-

-
-

-

-
- --

-
=

-
- b

e

b

e

b eetttb s
ts
dtt

ds
d

ts
dtt ss

,

( ) ( )
( )

( )
( )

( )
+

-

+
-- +-

-
-=

-
-

1
12

1

212212
e

b

e
bb eetttb

s s

s
st
dtt

ds
d

st
dtt

in 1I passing to the limit ate 0® , we obtain
( ) ( ) ( )( ) ( )

( )
-

-
++--=

-

-
=

-
-

-

-
-

s

ts
dtt

ds
ds

ts
dtttsI

1
21

12
1

1
221 11 b

b
b

ttt

( )( ) --- -1211 bt s
( )

( ) --

1

21
s st

dtt
ds
d

b

t

. (27)
Thus, by virtue of (27), relation (26) has the form

12
,1
-

-
b
xD

( ) ( )
=

-

-

-
-

1

1
22 b

t
tx

dtttх

( )b2Г bb 21
1

12
,1

-
-

-
- xx DD ( )+xt ( )b2Г 12

,1
-

-
b
xD ( )xDх tb21

1,
-

. (28)
Using the formula

( ) ( ) ( ) ,sincos,, xt
dttФ

at
axхФtФDD

b

a
bхxa --

-
-=µ-

a
a

p
apap
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relation (28) is rewritten as

12
,1
-

-
b
xD

( ) ( )
=

-

-
-

-
b

t
22

1

1 tx
dtttx

( ) ( ) ( ) ( ) ( )--+ xсosГxГ ptbbtb 2122

( )
( )1 21

1

1 1 .
1 2 1

t dtх
Г t t x

b t
b

-

-

+
-

- + - (29)
It is also not hard to get that

12
,1
-

-
b
xD

( )
( ) ( )

( )1 21 1

2 2
1 1

1 1
2 2 1 11

t dt t dtх
Г t xtxt

b

b

t t
b

-

-
- -

+
=

- + -- (30)
Now, substituting (29) - (30) into (24), we obtain the following singular integral equation with
respect to the unknown function ( )хt :

( ) ( ) )(
1

11
1
1 211

1

xFdtt
xtxtt

xх =
-

-
-+

+
-

-

-

tlt
b

, (31)
where )sin1(/cos bppbpl += ,

g/)()( 0 xFxF = .
Note that the kernel of equation (31) has a singular singularity only for ),1( ct - , since,

equation (31) holds only for ),1( cx - , taking this remark into account, we transform equations (31)
to the form

( ) ( ) -
-

-
-+

+
-

-

-

dtt
xtxtt

xх
с

tlt
b

1
11

1
1

1

21

( ) )(
1

11
1
11 21

xFdtt
xtxtt

x

c

=
-

-
-+

+
-

-

tl
b

, ),1( cx - . (32)
In the interval integral )1,(c , the right-hand side of (32), by replacing the variable

integration ksspt -== d)( , taking into account equality )()())(( sfssp +=tt , we obtain

( ) ( ) +
-

-
-+

+
-

-

-

dtt
xtxtt

xх
c

tlt
b

1
11

1
1

1

21

( ) cxxFdsspsfs
sxpxspsp

xc

-=+
-

-
-+

+
+

-

-

1,)()(')()(
)(1

1
)(
1

)(1
1

1

21

tl
b

. (33)
Equations (33) are transformed to the form

( ) ( )dtt
xtxtt

xх
c

tlt
b

-
-

-+
+

-
-

-

1
11

1
1

1

21

)(][
)(

)()('
1

1

xFRds
xsp
sspc

++
-

-=
-

ttl , (34)

where

ds
sxp
ssp

sp
x

xsp
dsssp

sp
xR

cc

)(1
)()('

)(1
1

)(
)()('1

)(1
1][

1

21

1

21

-+
+

+
-

-
+
+

-=
-

-

-

-
tltlt

bb

(35)
-regular operator,

dssfsp
sxpxspsp

xxFxF
c

)()('
)(1

1
)(
1

)(1
1)()(

1

21

1
-

-

-
-

-+
+

-=
b

l
.
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The first integral operator of the right-hand side of (34) is not regular, since the integral
expression under csсx == , has an isolated first-order singularity, and therefore this term in (34) is
distinguished separately.

Temporarily assuming that the right-hand side of equation (34) is a known function, we
rewrite it as

( ) ( ) ,),1(,)(
1

11
1
1

0
1

21

cxxgdtt
xtxtt

xх
c

-=
-

-
-+

+
-

-

-

tlt
b

(35a)
where

)(][
)(

)()(')( 1
1

0 xFR
xsp
dssspxg

c

++
-

-=
-

ttl
. (36)

Theorem 2 is proved.

5. Regularization of the singular Tricomi integral equation

In equation (35a), we introduce the notation )()1()( 12 xxx tr b -+= , )()1()( 0
12 xgxxg -+= b

,
and transform it to the form

cxxgdtt
xtxt

х
c

-=
-

-
-

-
-

1,)()(
1

11)(
1

rlr
. (37)

We will look for the solution of the singular integral equation (37) in the class of functions
bounded at a point cx = and admitting a singularity of order lower b21- at a point 1-=x , i.e. in
the class )(ch .

To regularize the singular integral equation (37), we apply the Carleman-Vekua method
developedby S. G. Mikhlin [13].

Let z be an arbitrary point in the complex plane z . In this plane, we introduce the function

( ) ( )
- -

-
-

=F
c

dtt
ztzti

z
1 1

11
2
1 r
p (38)

By D denote the following infinite intervalsof the real axis

( )

( ) >+--

=--

<-

=D

.0если,,11,

,0с   если,1,

,0с   если,1,1

с
c

c

U

The function )(zФ is holomorphic in the entire plane z except for the points of the set
D- ),1( c of the real axis, and 0)( ®zФ if ®zIm .

By virtue of the Sokhotsky-Plemel formulas on the interval cx <<-1 , we have
( ) ( ) ( )ххх r=F-F -+ , (39)

( ) ( ) ( )dtt
xtxti

хх
c

r
p -

-+

-
-

-
=F+F

1 1
111

. (40)

Here ( )х+F are the ( )х-F limit values of the function )(zФ , when the point z tends to the
real axis, respectively, from the upper or lower half-plane.

By virtue of formulas (39) and (40), equation (37) is rewritten as
cxxgxФixФi <<-=+-- -+ 1,)()()1()()1( plpl . (41)

It is easy to see that the relation holds for the function )(zФ имеет место соотношение
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)(1 zzФ
z

Ф = . (42)

The transformation z
W 1

=
maps the upper half-plane to the lower half-plane and vice versa.

In this case, the interval ),1( с- is displayed in infinite intervals D .

In (41) x , replacing by x
1

, taking into account the relations

( ) ( )хx
x

хx
x

+--+ F=FF=F
1,1

(43)
we get

-=--+ -+

x
g

x
xФixФi 11)()1()()1( plpl , (44)

here
( ) 4/21,

cos
1,

cos
1 ba

pa
pl

pa
pl

papa

-==-=+
- ii eiei

Let's introduce the following functions

D=
+
-

<<-=
-
+

=
- ,,

1
1

,1,
1
1

)(
2

2

xеслиe
i
i

cxеслиe
i
i

xG
i

i

pa

pa

pl
pl
pl
pl

(45)

D-

<<-
=

- .,11cos

,1.)(cos
)(

xесли
x

g
x

e

cxеслиxge
xh i

i

pa

pa

pa

pa

(46)
Using these functions, equations (41) and (44) can be combined into one equation

D=- -+ IxxhxФxGxФ ,)()()()( . (47)
Thus, the problem of finding a solution to the singular integral equation (46) was reduced to

the Riemann problem of the theory of functions of a complex variable: find a function that vanishes
at infinity )(zФ , is holomorphic, both in the upper and lower half-plane, and on the real axis
satisfies condition (46).

First, we solve the following homogeneous problem: find a function bounded at infinity
)(zX that is holomorphic in both the upper half-plane and the lower half-plane and 0=y satisfies

the condition on the real axis
D-=- -+ ),1(,0)()()( cxxXxGxX ,

or
)(ln)(ln)(ln xGxXxX =- -+ . (48)

One of the partial solutions to this problem has the form

( )
1

1 1ln ( ) ln
2 1

c zX z G t dt
i t z ztp -

= -
- -

, (49)

or
{ })]1ln()1ln()1ln()[ln(exp)( zzczzczX +-----+-= a .

From here, it's not hard to see that

,,)()(,)()(
),,1(,)()(,)()(

D==

-==
--+

--+

xexRxXexRxX
cxexRxXexRxX

ii

ii

papa

papa

(50)
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where
a

+
--

= 2)1(
)1)(()(

x
cxxcxR

. (51)
Taking into account equality (50) and (51), we rewrite equation (47) as

D-=- +-

-

+

+

),1(,
)(

)(
)(
)(

)(
)( cx

xX
xh

xX
xФ

xX
xФ

. (52)
One of the partial solutions of this equation has the form

1

( ) 1 ( ) ( ) .
( ) 2 ( ) ( )

cz h t dt h t dt
X z i X t z X t zp + +

- D

F
= +

- - (53)
In the second integral of the right-hand side of (53), by substituting переменthe integration

variablesho интегрирования x
1

=t
o and performing the necessary calculations taking into account

(46) , andh equalities

ieXXXX paxxx
x

2)()(,)(1 -+--+ ==
, it is not difficult to verify that

-
+ -

-
-

=
c i

dt
ztzttX

tge
izX

zФ

1 1
11

)(
)(cos

2
1

)(
)( apap

p . (54)
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